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Solv ing  t i m e  dependent or viscoelastic problems for a 
homogeneous i sotr opi  c mater i a1 can be i nvol ved and t e d i  ous . 
Extending t h i  s t o  nonhomogeneous and a n i  s o t r o p i  c mater i a1 s 
such as layered fiber r e i n f o r c e d  composite materials can be 
n e a r l y  imposs ib l e  for c l o s e d  f o r m  s o l u t i o n s .  H o w e v e r ,  wi th  
numerical methods t h e  des igner  or engineer  of t h e s e  
materials can  p r e d i c t ,  wi th  reasonable  accuracy ,  t h e  
viscoelastic response  without doing a c t u a l  c r e e p  tests on 
each p o s s i b l e  laminate .  
The overall c r i te r ia  for an  a c c e p t a b l e  viscoelastic 
numerical method is one t h a t  w i l l  be stable for large t i m e  
s t e p s ,  converge t o  t h e  correct answer, and no t  t a k e  a 
tremendous amount of computer r e sources  and t i m e .  I n  
a d d i t i o n  t o  t h e s e ,  t h e  program t h a t  w i l l  u s e  t h e  method, 
w i l l  have t o  run  on a microcomputer which f u r t h e r  res t r ic ts  
t h e  m a x i m u m  r u n  t i m e  and total  memory. Th i s  w i l l  a l l o w  easy 
access t o  t h e  program for des ign  eng inee r s  and w i l l  m a k e  t h e  
des ign  p rocess ,  with i ts many 'what i f '  c o n d i t i o n s  and 
numerous re running  proceed f a s t e r .  
This  r e p o r t  w i l l  examine va r ious  numerical methods t h a t  
have been used i n  s o l v i n g  numerical viscoelastic methods. A 
new m e t  hod, call ed t h e  Nonl i near D i  f f er e n t  i a1 Equat i on 
Method CNDEM>, which is based on t h e  prony series, w i l l  be 
in t roduced  and compared wi th  t h e  c u r r e n t  methods. The later 
p a r t  of t h i s  r e p o r t  w i l l  d ea l  with t h e  a c t u a l  implementation 
and v e r i f i c a t i o n  of t h e  NDEM method. 
e 







2. PREVIOUS WORK AT VPI 
The concept  of p r e d i c t i n g  t h e  v i s c o e l a s t i c  response i n  
any gener a1 1 ami n a t e  has  been pr evi ousl  y i nves t i ga ted  by 
o t h e r s  a t  V i r g i n i a  Poly technic  I n s t i t u t e  and State 
Univers i ty .  D i l l a r d ,  et a1 , I 1  , 2 1  f i r s t  formally proposed 
us ing  known uni d i  recti onal  mater i a1 proper ties C obtai ned 
experimental ly3 of a composite lamina t o  p r e d i c t  t h e  
nonl i near vi  scoel asti  c response  of any gener a1 1 ami n a t e  
cons t ruc t ed  f r o m  t h e  s a m e  material by numerical methods. 
They examined t h e  graphi te /epoxy T300/934 composite s y s t e m  
and closely p r e d i c t e d  t h e  response  of v a r i o u s  genera l  
l amina te  c o m p o s i t e s .  Others ,  T u t t l e  E31 and H e i l  C Q I ,  have 
also used t h i s  b a s i c  concept t o  c l o s e l y  p r e d i c t  t h e  response  
of o the r  graphi  te/epoxy systems. 
The numerical s o l u t i o n  method used by D i l l a r d  C 2 3  w a s  
based on classical l amina t ion  theo ry ,  wi th  t i m e  incremented 
i n  a s t e p  f a sh ion .  The s o l u t i o n  scheme f i r s t  calculates t h e  
s ta t ic  stress and then  begins  t h e  t i m e  s t e p  increments .  The 
s t r a i n  s ta te  is determined a t  t + A t ,  us ing  t h e  stress s ta te  
a t  t i m e  t and t h e  viscoelastic c o n s t i t u t i v e  equa t ion  for 
t h a t  p a r t i c u l a r  material, The stress state is assumed t o  be 
cons t an t  throughout  t h e  t i m e  s t e p  f r o m  t t o  t + A t .  The new 
p l y  stresses are t h e n  determined a t  t + A t  based on the 
c u r r e n t  c r e e p  s t r a i n s  and t h e  a p p l i e d  mechanical load. This  
c y c l e  is r epea ted ,  with t h e  new stresses s u b s t i t u t e d  back 
i n t o  t h e  nonl inear  compliance f u n c t i o n s ,  u n t i l  t h e  stresses 
converge. A new t i m e  s t e p  is then  t a k e n  and t h e  processes  is 
repea ted .  The a lgo r i thm for c a l c u l a t i n g  c r e e p  s t r a i n s  is 
similar t o  t h e  classical l amina t ion  t h e o r y  method of 
c a l c u l a t i n g  t h e  s t r a i n s  due t o  thermal loads. This  
procedure w a s  implemented on an IBM mainframe computer and 
w a s  called VISLAP CVIScoelastic L u n a t i o n  Program3 by 
D i l l a r d  (1.21. 
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There w e r e  t h r e e  major d i f f i c u l t i e s  wi th  VISLAP and its 
numerical m e t h o d .  One, t h e  basic a l g o r i t h m  of s u b s t i t u t i n g  
o l d  stresses b a c k  i n t o  t h e  nonl inear  compliance f u n c t i o n s ,  
and r e p e a t i n g  t h e  s o l u t i o n  process  u n t i l  a l l  stresses 
converge can have s t a b i l i t y  problems. This  a lgor i thm of 
s u c c e s s i v e l y  s u b s t i t u t i n g  an  unknown v a r i a b l e  i n t o  a set of 
equa t i  ons u n t i  1 convergence , cal l  ed t h e  Gauss-Sei de l  or 
s u c c e s s i v e  s u b s t i t u t i o n  method, is not  uncond i t iona l ly  
s t a b l e .  For example, i f  t h e  c o e f f i c i e n t  matrix, CCI, i n  t h e  
fo l lowing  set of equa t ions ,  r ep resen ted  i n  matrix f o r m ,  
CCICX) = CBI C l . l >  
is not  p o s i t i v e  d e f i n i t e  t hen  i t  w i l l  no t  converge CESI. I n  
s o m e  1 ami n a t e  cases, pr edomi n a n t l  y t w o  f i ber angl  e 
l amina te s ,  VISLAP w i l l  be  u n s t a b l e  for t h i s  reason.  
The second d i f f i c u l t y  w i t h  VISLAP concerns the large 
t i m e  s t e p  s i z e  necessa ry  t o  reach  a s o l u t i o n  of problems 
cover ing  l o n g  t i m e  spans.  If t h e  t i m e  s t e p  is s u f f i c i e n t l y  
large, s t a b i l i t y  problems w i l l  arise. VISLAP b a s i c a l l y  u s e s  
a f i r s t  order forward i n t e g r a t i n g  method, called t h e  Euler  
Method C61, t o  solve for t h e  c r e e p  s t r a i n s  a t  each s t e p ,  
which w i l l  have a maximum s t e p  s i ze  t o  remain stable. 
I n  con junc t ion  with t h e  t i m e  s t e p  s ize  problem is t h e  
t h i r d  d i f f i c u l t y  wi th  VISLAP, t h e  a c t u a l  computer t i m e  and 
computer m e m o r y  space  needed for a s o l u t i o n  grows 
e x p o n e n t i a l l y  wi th  each a d d i t i o n a l  t i m e  s tep.  As each t i m e  
s t e p  is t aken ,  t h e  c r e e p  s t r a i n  must be r e c a l c u l a t e d  over 
t h e  e n t i r e  t i m e  span b a c k  t o  t h e  i n i t i a l  s t a r t  t i m e .  This  
r e q u i r e s  t h a t  a l l  stresses a t  each t i m e  s t e p  m u s t  be stored 
and used for c a l c u l a t i o n s  at  t h e  next  t i m e  s t e p .  This  
recalculation of t h e  c r e e p  s t r a i n  integral  a t  each t i m e  s t e p  
becomes m o r e  t i m e  consuming with each a d d i t i o n a l  s t e p .  I n  
order  t o  minimize t h e  computer s o l u t i o n  t i m e  and memory, 
s t e p  s izes  are i n c r e a s e d  i n  a loga r i thmic  manner as t h e  
s o l u t i o n  p rogres ses .  H o w e v e r ,  as s t a t e d  above, large t i m e  
s t e p s  can  c a u s e  s t a b i l i t y  problems. 
0 
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I n  order  t o  overcome s o m e  of t h e  problems i n  VISLAP but  
s t i l l  r e t a i n  its a b i l i t y  t o  c a l c u l a t e  t h e  complex, t i m e  
dependent stress and s t r a i n  state of an o r t h o t r o p i c  
composi te 1 aminate ,  var i ous common numer i cal sol u t i  on 
techniques  w i l l  be i n v e s t i g a t e d  i n  t h e  fo l lowing  s e c t i o n s .  
I n  a d d i t i o n  t o  t h e  t h o s e  methods, a new method w i l l  be 
presented  which resolves a l l  t h e  problems d e a l i n g  with 










3. DIRECT ITERATION OF THE VOLTERRA INTEGRAL 
Viscoelas t ic  problems n a t u r a l l y  f a l l  i n t o  t h e  broad 
class of mathematical problems c a l l e d  convolu t ion  i n t e g r a l  
equa t ions ,  of which t h e  V o l t e r r a  i n t e g r a l  equa t ion  of t h e  
second k ind  is t h e  m o s t  common. The genera l  f o r m  of t h e  
V o l t e r r a  equa t ion  is 
X 
uCx3 = fCx3 + A S  k C x , t >  uCt> d t  
a 
c 3 . 1 3  
where uCx3 is t h e  unknown f u n c t i o n  and fCx3, kCx, t3 ,  and h 
are known f u n c t i o n s  or c o n s t a n t s .  By s imply changing t h e  
variable and f u n c t i o n  names and forms, t h e  w e l l  known 
h e r e d i t a r y  i n t e g r a l  i n  v i s c o e l a s t i c i t y  C 7 3  b e c o m e s  ev iden t .  
ad73 d7 € C t >  = d o > I X t 3  + Et-7) 6r c 3 . 2 3  
where ECt3 is t h e  to ta l  s t r a i n ,  IXt3 is t h e  compliance 
f u n c t i o n ,  and d 7 3  is t h e  stress func t ion .  This f o r m  is for 
a s i n g l e  homogeneous material. For a material made f r o m  
m u l t i p l e  homogeneous layers, i .  e. , composite laminates, the 
total  s t r a i n  d t >  w i l l  be  dependent on each  of t h e  stress i n  




which is a V o l t e r r a  i n t e g r a l  of t h e  second kind.  
A s imple  example of such a s y s t e m  would be a one 
dimensional l amina te  material t h a t  is c o n s t r u c t e d  f r o m  t w o  
p a r a l l e l  materials as i l l u s t r a t e d  i n  Fig. 3.1. The t w o  
materials have d i f f e r e n t  compliance f u n c t i o n s  and t h e  
complete l amina te  is under a cons t an t  laod .  I n  t h i s  example 
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one material w i l l  be elastic and t h e  o t h e r  viscoelastic wi th  
o and u as the stresses i n  material 1 and 2, r e s p e c t i v e l y  
and Q as t h e  total  a p p l i e d  stress. If DCt3 r e p r e s e n t s  any 
ti m e  dependent c o m p l  i ance  f u n c t i o n  then  
i 2 
0 
au2c 1 3  
d7 
&r E Z C t 3  = Q2CO3DCt>  + DCt -73  s' 0
By us ing  t h e  r e l a t i o n s h i p s  
EICt3 + E Z C t >  = k C t 3  
QlCt3 + q c t 3  = Q0Ct3 = Q 
0 
ElcCt3 = q C t 3  
E 2 c C t 3  = u2c t3 
it, can be shown t h a t  
c 3 . 4 3  
C 3 .  Sa3 
C 3 . S b 3  
c 3 .  s c 3  
C3.Sd3 
a0 t 
d7 + 0 co3DC13 C 3 . 6 3  2 
a 1 C  t3 ozc t 3  






- E E 1 DCt-73 
I t  
0 
- EIE2uZC 03 JX t3 c 3 . 7 3  
This  can  be f u r t h e r  s i m p l i f i e d  by i n t e g r a t i n g  by parts t o  
gi ve 
C 3 . 8 3  j 6Et-73 c7, d7 t97 2 Q2Ct3 = "OE I + 
E1+E2 EI+E2 C 
This  f o r m  can  be m o r e  eas i ly  eva lua ted  s i n c e  DCt3 is u s u a l l y  
g iven  and i ts  d e r i v a t i v e  can  be c a l c u l a t e d  d i rec t ly .  where 
u C t 3  is not  known and its derivative is d i f f i c u l t  t o  f i n d .  
Equation 3.8  is i n  t h e  s t a n d a r d  convolu t ion  Volterra 
i n t e g r a l  f o r m  which has  been s t u d i e d  i n  d e t a i l  by o t h e r s  







known, t h e  total  s t r a i n  d t >  can e a s i l y  be  c a l c u l a t e d  f r o m  
Eq. 3.5. I t  should be noted t h a t  t h e  one dimensional 
e x a m p l e  p r e sen ted  a very s i m p l i f i e d  case and for a m o r e  
n a t u r a l  multidimensional m a t e r i a l  t h e  equa t ion  would not  
o n l y  be  m o r e  complex, but  t h e r e  would be  several coupled 
equat ions  and not  j u s t  one. H o w e v e r ,  t o  understand t h e  
b a s i c  p r i n c i p l e s  and d i f f i c u l t i e s  i n  s o l v i n g  t h e  V o l t e r r a  by 
numerical methods, t h e  g iven  example w i l l  be  examined. 
A c l o s e d  f o r m  s o l u t i o n  of Eq. 3.8 is p o s s i b l e  f o r  
c e r t a i n  compliance f u n c t i o n s ,  D C t > ,  such as a l i n e a r  dashpot 
model, D C t >  = t /p ,  or a Kelvin element m o d e l ,  DCt>  = 
1 -expC - t C  E/@ 1 . H o w e v e r ,  c o m p l  i ance  f u n c t i o n s  wi th  
s o l u t i o n s  are scarce and are found for o n l y  s i m p l e  
f unc t ions .  One important  f u n c t i o n  t h a t  is widely used i n  
l i n e a r  viscoelastic a n a l y s i s ,  and does no t  have a c losed  
f o r m  s o l u t i o n ,  is t h e  power l a w  equat ion  
I X ~ >  = m t "  c 3 .  Q> 
where m and n are cons tan t s .  S i n c e  closed f o r m  s o l u t i o n s  
are d i f f i c u l t  t o  o b t a i n  and l imi t ed  t o  c e r t a i n  compliance 
f u n c t i o n s ,  numerical  methods need t o  be a p p l i e d  t o  o b t a i n  
m o s t  s o l u t i o n s .  
Four concepts  t o  be cons idered  when employing numerical  
methods are convergence, error,  s t a b i l i t y ,  and s o l u t i o n  
t i m e .  The s o l u t i o n  t i m e  l e n g t h  b e c o m e s  e s p e c i a l l y  c r i t i ca l  
when deal ing with convolu t ion  Volterra i n t e g r a l s ,  due i n  
p a r t  because dt> and aDCt-.r>/& c o n t i n u a l l y  change wi th  
each  n e w  t i m e  s t e p .  This  r e q u i r e s  t h e  complete i n t e g r a l  t o  
be r e c a l c u l a t e d  for each new t i m e  s t e p .  Unlike s t a n d a r d  
i n t e g r a l s ,  p a s t  r e s u l t s  can  no t  be  used t o  c a l c u l a t e  f u t u r e  
p o i n t s ,  bu t  t h e  total  i n t e g r a l ,  from toCt=03 t o  t h e  c u r r e n t  
t i m e ,  t ,  must be r e c a l c u l a t e d .  A t  long  t i m e s ,  i .e. large 
number of t i m e  s t e p s ,  t h i s  method can  r e q u i r e  a tremendous 
amount of t i m e  and computer m e m o r y  storage. I f ,  however, 
t h e  t i m e  s t e p s  can  be varied, such as s h o r t  s t e p s  a t  t h e  
s t a r t  where t h e  f u n c t i o n  is changing r a p i d l y  and long  s t e p s  
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towards t h e  end where t h e  f u n c t i o n  is changing s lowly,  t h e n  
t h i s  method can  be economical. 
Convergence is g e n e r a l l y  not. a problem for a non-singular 
kerne l  or compliance f u n c t i o n ,  IXt3. H o w e v e r  i t  does become 
a concern i f  t h e  kerne l  is not  w e l l  behaved or is s i n g u l a r .  
The power l a w  C e q u a t i ~ n  3.93, which is used e x t e n s i v e l y  i n  
v i s c o e l a s t i c i t y ,  is classified as w e a k l y  s i n g u l a r ,  meaning 
t h e  d e r i v a t i v e  a t  s o m e  p o i n t  is s i n g u l a r  or undefined C a t  
z e r o  f o r  t h e  power l a w > .  The s o l u t i o n  of t h e  i n t e g r a l  can 
converge wi th  weakly s i n g u l a r  f u n c t i o n s  i f  t h e  t i m e  s t e p s  
around t h e  weakly s i n g u l a r  p o i n t  are s u f f i c i e n t l y  small. 
Convergence of t h e  power l a w  and its associated problems 
w i l l  be  demonstrated with an  example later i n  t h i s  s e c t i o n .  
S t a b i l i t y  or numerical o s c i l l a t i o n s  can occur i n  t h e  
s o l u t i o n  of numerical problems. Even i f  t h e  problem seems 
t o  converge and t h e  error is small, i t  could  d i v e r g e  after a 
c e r t a i n  t i m e  s t e p  or s t e p  s ize .  Two common causes  of 
s t a b i l i t y  problems are: 13 t h e  numerical p r e c i s i o n  of t h e  
computer or code, which l e a d s  t o  round off errors and 
t r u n c a t i o n ,  and 23 t h e  t i m e  s t e p  size.  Genera l ly  t h e  
p r e c i s i o n  of t h e  computer is not  a problem or can be solved 
by upgrading t o  a b e t t e r  computer or programming language. 
On t h e  o t h e r  hand, most numerical s o l u t i o n  t echn iques  have a 
l i m i t  on t h e  t i m e  s t e p  s i z e  before s t a b i l i t y  b e c o m e s  a 
concern.  A l l  forward or explicit  numerical i n t e g r a t i o n  
techniques ,  which are g e n e r a l l y  used for t h e  convolu t ion  
i n t e g r a l ,  are not  a b s o l u t e l y  s t a b l e  for a l l  t i m e  s t e p  s izes  
C6,8,9,103. This is a s e r i o u s  concern wi th  v i s c o e l a s t i c  
a n a l y s i s  s i n c e  i n c r e a s i n g  t i m e  s t e p s  are  necessa ry  t o  reduce  
t h e  computer c a l c u l a t i o n  t i m e  and memory s i ze ,  as exp la ined  
i n t h e  pr eced i  ng par agr aphs . 
Error is associated wi th  t h e  accuracy  of t h e  computer 
and t h e  a lgo r i thm used t o  solve t h e  problem. Various 
a lgor i thms have been developed f o r  t h e  s o l u t i o n  of 











order  of accuracy,  Euler , Modified Euler or t r a p e z o i d a l ,  
Simpson rule with  t r a p e z o i d a l  end, Simpson r u l e  w i t h  r u l e ,  
and Runge-Kutta. The higher  order  methods t a k e  more t i m e  
for each t i m e  s t e p  but  t h e  accuracy is g e n e r a l l y  higher and 
larger t i m e  s t e p  s i z e s  are  poss ib l e .  The t r a p e z o i d a l  
a lgor i thm w i l l  be  presented  i n  d e t a i l  t o  demonstrate  how t h e  
V o l t e r r a  I n t e g r a l  can be so lved  numerical ly .  Other methods 
are similar and w i l l  no t  be presented.  H o w e v e r ,  t h e  
s o l u t i o n  of t h e  example problem presented  earlier by all 
methods mentioned above w i l l  be compared a t  t h e  end of t h i s  
s e c t i o n .  
a 
A n  approximation for t h e  convolu t ion  i n t e g r a l  can be 
w r i t t e n  
K C t . - r >  d r >  d r  2 h w , .  KCt.-r.3 o C r . 3  ji L j $ =O LJ L J  J 
0 
i - 
2 h 2 w. K . .  0 C 7 ~ 3  i= 0, 1, 8 ,  ..N 
L j  L J  j =O 
c3.103 
where h is t h e  s t e p  s i z e ,  K . .  = aDct.-.r,>/&, and w are 
t h e  weights for t h e  a p p r o p r i a t e  i n t e g r a t i o n  r u l e .  For 
example, t h e  weights for t h e  t r a p e z o i d a l  method are w. = 
w. . = 2. and w. ,= 1. All of t h e  preceding weights  assume 
equal s t e p  s izes .  I n  t h i s  manner t h e  f i r s t  f e w  s t e p s  of Eq. 
3.8 for t h e  t r a p e z o i d a l  method are 
L J  L J  ij 
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I n  each of t h e s e  s t e p s  t h e  unknown stress, a2Ct,3,  can be  
f a c t o r e d  o u t  and so lved  f o r  by manipulat ing t h e  equa t ion  
a l g e b r a i c a l l y .  However, i f  t h e  kerne l  K C t 3  is nonl inear  i n  
terms of stress, then  a l l  i nonl inear  equa t ions  would need t o  
be so lved  s imul taneous ly .  This  q u i c k l y  becomes p r o h i b i t i v e  
s i n c e  there w i l l  be thousands of t i m e  s t e p s  i n  a t y p i c a l  
problem, which t r a n s l a t e s  t o  s o l v i n g  thousands of non l inea r  
equa t ions  s imul taneous ly .  Similar r e l a t i o n s h i p s  t o  equa t ion  
3.11 can be  c o n s t r u c t e d  for o t h e r  i n t e g r a t i n g  schemes. For 
higher order  methods such as t h e  Simpson r u l e  or Runge- 
Kut ta ,  a s t a r t i n g  procedure needs t o  be used which should  be  
of t h e  s a m e  o rder  of magnitude i n  accuracy.  Various 
s t a r t i n g  t echn iques  can be found i n  t h e  l i t e r a t u r e  C11-141. 
To e v a l u a t e  t h e  u s e  of t h e  V o l t e r r a  i n t e g r a l  for 
L 
v i s c o e l a s t i c  materials t h e  one dimensional example d e s c r i b e d  
a t  t h e  beginning of t h i s  s e c t i o n  CFig 3.13 w i l l  be  used. 
Two d i f f e r e n t  bu t  common compliance f u n c t i o n s ,  M t 3 ,  w e r e  
chosen to  be ewrrtined, a dashpot ,  DCt3 = t / p ,  where p is t h e  
viscosity c o n s t a n t  of t h e  dashpot  and a power l a w ,  DCt3 = 
m t n ,  where m and n are  assumed given.  
The dashpot  f u n c t i o n  has  a exact s o l u t i o n  t o  Eq. 3.8, 
which w i l l  b e  used t o  v e r i f y  t h e  numerical  r e s u l t s ,  
- A t  e E2 o El+ E2 Q = o  2 c 3 . 1 2 3  
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i n t e g r a t i n g  techniques  w e r e  used t o  solve t h e  example 
pr ob1 em: Eul er , t r  apezoi dal , t r  apezoi dal  w i  t h 8-poi n t  
s t a r t i n g  technique ,  Simpson with 3-point s t a r t i n g  technique  
and t r a p e z o i d a l  r u l e  for even l a s t  data p o i n t ,  and Simpson 
with 3-point s t a r t i n g  technique  and 3 4  r u l e  for t h e  even 
l a s t  d a t a  p o i n t .  The r e s u l t s  are shown on F i g  3.2. Even 
though t h e  t i m e  s t e p ,  h ,  w a s  l a r g e ,  a l l  bu t  t h e  Euler method 
are wi th in  a c c e p t a b l e  accuracy  limits. 
The second compliance f u n c t i o n  t o  be examined, t h e  
power l a w ,  has  no c losed  form s o l u t i o n  t o  compare with t h e  
numerical r e s u l t s .  H o w e v e r ,  by examining t h e  r e s u l t s  of 
va r ious  i n t e g r a t i n g  techniques  t h e  s o l u t i o n  can be deduced. 
The s a m e  f i v e  i n t e g r a t i n g  techniques  used for t h e  dashpot 
test case w e r e  also used for t h e  power l a w  Cconstants  m = 5 
and n = 0.23 and t h e  r e s u l t s  are shown i n  Fig.  3.3. The 
t i m e  s t e p  w a s  h = 0.1, t w o  magnitudes smaller then  for t h e  
dashpot example, but  u n l i k e  t h e  dashpot r e s u l t s  t h e  power 
l a w  r e s u l t s  va ry  and even osci l la te .  If t h e  s t e p  s i ze  is 
reduced, t h e  s o l u t i o n  t e n d s  t o  converge t o  smaller va lues  
CFig. 3 . 4 3  and it b e c o m e s  ev iden t  t h a t  t h e  t i m e  s t e p  s i ze  
affects t h e  s o l u t i o n  convergence. The s o l u t i o n  does s e e m  t o  
s lowly  approach a l i m i t i n g  va lue  as h r, 0.0. 
The s o l u t i o n  of t h e  power l a w  f u n c t i o n  is i n a c c u r a t e  
because it i s  a weakly singular function at zero. The 
d e r i v a t i v e  of t h e  power l a w  a t  zero is i n f i n i t y  and t h e  
d e r i v a t i v e  changes r a p i d l y  for small va lues  of t i m e .  This  
r e q u i r e s  very small t i m e  s t e p s ,  C S  lo-"> near t h e  o r i g i n  for 
any of t h e  numerical i n t e g r a t i o n  techniques  t o  converge. 
H o w e v e r ,  wi th  small t i m e  s t e p s ,  t h e  t i m e  r e q u i r e d  t o  solve 
t h e  problem i n c r e a s e s  tremendously which t h e n  limits t h e  
t i m e  span. The t i m e  s t e p  s i z e  can be i n c r e a s e d  as t h e  t i m e  
becomes larger but  t h e r e  w i l l  be a upper l i m i t  on s t e p  size 
befo re  stabi 1 i t y  d i f  f i c u l  ties develop. 
I n  conclus ion ,  t h e  d i r e c t  numerical i n t e g r a t i o n  of t h e  
Volterra i n t e g r a l  for l i n e a r  viscoelastic problems is not  
a 
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recommended. The b igges t  d i f f i c u l t y  w a s  t h e  long  run t i m e s  
necessary  for any numerical s o l u t i o n  t o  converge when us ing  
t h e  power l a w  compliance func t ion .  This w a s  caused by t h e  
w e a k l y  s i n g u l a r  n a t u r e  of t h e  power l a w .  Other d i f f i c u l t i e s  
would b e  t h e  i n c l u s i o n  of nonl inear  stress effects, t h u s  
c r e a t i n g  a large number Con t h e  order of hundreds) nonl inear  
equa t ion  t h a t  would need t o  be  so lved  s imultaneously.  I t  
should a lso be noted t h a t  t h e  above d i f f i c u l t i e s  would be 
magnified for multidimensional m a t e r i a l s  such as o r t h o t r o p i c  










4. Prony Series i n  Modeling L i n e a r  V i s c o e l a s t i c  Response 
The Prony series is a method t o  model v i s c o e l a s t i c  
response t h a t  is de r ived  from a series of Kelvin elements .  
This  series can best be understood by f i r s t  looking  a t  a 
s i n g l e  Kelvin element,  which has  a s p r i n g  and dashpot i n  
p a r a l l e l  as shown i n  Fig.  4 .1 .  The Kelvin element needs t w o  
parameters t o  d e s c r i b e  its response  to a g iven  l o a d  or 
displacement ,  t h e  s p r i n g  c o n s t a n t ,  E ,and t h e  dashpot 
v i s c o s i t y ,  p. The l o a d  or stress, ob and t h e  s t r a i n ,  c, can  
be r e l a t e d  by summing t h e  stress i n  both t h e  s p r i n g  and 
dashpot.  
o + o  = a  c4. I> 
S d S 
S u b s t i t u t i n g  t h e  c o n s t i t u t i v e  equat ions  for a s p r i n g  and 
dashpot gives 
EE + c p  = a c4.2> 
0 
Solv ing  for k ,  and assuming a is cons tan t  w i l l  give 
0 
U c = - [ i - e  0 
E c4.3> 
This  can be gene ra l i zed  wi th  a series of Kelvin elements  as 
-E. t/ n 
0 pi] 
i = i  
c4.43 
where n is t h e  total  number of Kelvin e lements  i n  t h e  
series. As a f u r t h e r  g e n e r a l i z a t i o n ,  a s i n g l e  s p r i n g  can be 
p laced  i n  series with t h e  Kelvin elements  such  t h a t  
where E is t h e  s p r i n g  c o n s t a n t  i n  t h e  s i n g l e  s p r i n g .  




can model t h e  c r e e p  of a viscoelastic material a c c u r a t e l y  i f  
t h e  r e t a r d a t i o n  t i m e s  C T  = p/E> of t h e  i n d i v i d u a l  Kelvin 
elements  are p r o p e r l y  spaced. S ince  one Kelvin element 
i n f l u e n c e s  t h e  s t r a i n  over about 1 1/2 decades of t i m e ,  t h e  
r e t a r d a t i o n  t i m e s  should  be spaced about one per decade of 
t i m e  t h a t  is being modeled. 
One advantage of t h e  Prony series is its a b i l i t y  t o  
a c c u r a t e l y  r e p r e s e n t  any d a t a  over any t i m e  span i f  enough 
elements  are used. This  is e s p e c i a l l y  use fu l  i f  t h a t  d a t a  
is no t  uniform or does not  conform t o  any genera l  curve  
shape. Of cour se ,  t h i s  is also a d isadvantage  s i n c e  a large 
number of material p r o p e r t i e s ,  t w o  f o r  e v e r y  element,  are 
requ i r ed .  I n  a c o n t r a s t ,  t h e  l i n e a r  power o n l y  has  3 
parameters ,  E = E + m t  , t o  d e s c r i b e  t h e  viscoelastic 
s t r a i n  response.  Another major difference between t h e  Prony 
series and t h e  power l a w  is t h e  e x t r a p o l a t i o n  of c r e e p  
response o u t s i d e  t h e  a c t u a l  c o l l e c t e d  d a t a  range.  The Prony 
series is de r ived  or f i t t e d  o n l y  t o  actual d a t a  and a f t e r  
t h e  las t  d a t a  p o i n t  t h e  series s t o p s .  The power l a w  is also 
de r ived  f r o m  a c t u a l  d a t a  bu t  after t h e  l as t  d a t a  p o i n t  t h e  
equa t ion  still i n d i c a t e s  or p r e d i c t s  a change i n  c r e e p  over 
t i m e .  Although, prudent  eng inee r ing  p r o h i b i t s  t h e  use  or 
e x t r a p o l a t i o n  of r e s u l t s  p a s t  a c t u a l  c o l l e c t e d  data, i t  is 
still use fu l  t o  understand t h e  expected c r e e p  response  or 
t r e n d .  
n 
0 
One of t h e  m o s t  impor tan t  advantages of t h e  Prony 
series is t h a t  each Kelvin element can be so lved  
independent ly  as a d i  f f e r e n t i  a1 equa t ion  C see equa t ion  4.23 
and t h e n  t h e  s o l u t i o n s  can  be summed t o g e t h e r .  A 
d i f f e r e n t i a l  equa t ion  i n  t h e  form of equa t ion  4.2 ,  allows 
t h e  use  of common and w e l l  understood numerical  methods f o r  
s o l v i n g  d i f f e r e n t i a l  equa t ions .  S ince  t h e  problem has been 
t ransformed t o  s o l v i n g  d i f f e r e n t i a l  equa t ions  and not  a 
convolu t ion  i n t e g r a l  C i .  e. , t h e  Volterra I n t e g r a l 3  t h e  






computer. The r e s u l t s  of each t i m e  s t e p  n o  longer  need t o  
be stored and reused  t o  c a l c u l a t e  f u t u r e  c r e e p  s t e p s  l i k e  
t h e  convolu t ion  method r e q u i r e s .  A l l  in format ion  needed t o  
t a k e  another  t i m e  s t e p  is available i n  t h e  c u r r e n t  s o l u t i o n  
of each d i f f e r e n t i a l  equat ion .  
The concept of us ing  Kelvin elements  and t h e i r  
r e s p e c t i v e  d i f f e r e n t i a l  equa t ions  t o  s o l v e  viscoelastic 
problems w a s  p resented  by Zienkiewicz,  et a l ,  C15.161. They 
used t h e  d i f f e r e n t i a l  equa t ion  formula t ion  i n  conjunct ion  
with f i n i t e  e lements  method t o  s u c c e s s f u l l y  s o l v e  
geomet r i ca l ly  complex problems. The c o n s t a n t  stress 
s o l u t i o n ,  Eq. 4 . 3 ,  w a s  used t o  develop a s o l u t i o n  technique  











where C a  3 is t h e  s t r a i n  f r o m  t h e  prev ious  t i m e  s t e p  
s o l u t i o n  and At. is  t h e  c u r r e n t  t i m e  s t e p  s i z e .  If t h e  
stress is cons tan t  for a l l  t i m e  s t e p s ,  Eq. 4 . 6  w i l l  g i v e  an  
exact answer t o  Eq. 4.2.  However i n  most p r a c t i c a l  problems 
t h e  stress is c o n s t a n t l y  changing due t o  r e l a x a t i o n ,  
tempera ture  changes,  l o a d  changes,  etc. If t h e  t i m e  s t e p  is 
small and t h e  stress changes g radua l ly ,  t h e n  Eq. 4 . 6  gives 
a c c u r a t e  r e s u l t s  as shown by Zienkiewicz. 
c t  
I n  order t o  d e s c r i b e  t h e  viscoelastic response  over 
l o n g  p e r i o d s  of t i m e ,  Kelvin elements  wi th  d i f f e r e n t  
e 
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r e l a x a t i o n  t i m e s  may be combined i n  series as shown i n  Fig.  
4 . 2 .  Each Kelvin e l e m e n t  is described by a d i f f e ren t i a l  
equat ion  and t h e  s o l u t i o n  of which can be w r i t t e n  i n  t h e  
f o r m  of Eq. 4.6.  These s o l u t i o n s  can then  be summed 
toge the r  t o  give 
] } c4.73 i a 
where 1. is t h e  total  number of Kelvin elements  i n  t h e  
ser i es . 
S o l u t i o n  techniques  based on Eq. 4 . 7  have been widely 
used for stress a n a l y s i s  of l i n e a r  i s o t r o p i c  materials for 
l i m i t e d  t i m e  spans  C16-183. There are t h r e e  main 
d e f i c i e n c i e s  with Eq. 4 . 7  formula t ion .  F i r s t ,  o n l y  l i n e a r  
viscoelastic materials can  be  analyzed,  whereas many of 
today’s  materials, s p e c i f i c a l l y  p l a s t i c s ,  are non l inea r .  A 
nonl inear  viscoelastic material w i l l  have a d i f f e r e n t  
compliance and ra te  of change of compliance a t  d i f f e r e n t  
stress levels. S ince  Eq. 4 . 7  does not  account  for t h e s e  
nonl i near i ti es , t h e  numerical r e s u l  ts w i  11 p o s s i b l y  not  
agree wi th  a c t u a l  experimental  r e s u l t s .  S o m e  r e s e a r c h e r s  
C171 have extended Eq. 4 . 7  t o  i n c l u d e  nonl inear  effects wi th  
l i m i t e d  success .  Second, t h e  t i m e  s t e p  s i z e  has  an  upper 
l i m i t  a t  which t h e  numerical s o l u t i o n  t echn ique  w i l l  b e c o m e  
u n s t a b l e  s i n c e  t h e  equa t ion  is a forward d i f f e r e n c e  or an  
explicit  method. Only an i m p l i c i t  numerical method can be 
’uncond i t iona l ly  s t a b l e ’  for a l l  t i m e  s t e p  sizesC61. Limi t ing  
t h e  t i m e  s t e p  s i z e  i n  a viscoelastic problem, which can span  
many decades of t i m e ,  is a concern s i n c e  large t i m e  s t e p s  
become necessa ry  toward t h e  end of t h e  problem. Thi rd ,  Eq. 
4 . 7  is o n l y  a f i r s t  order numerical s o l u t i o n  technique ,  
commonly r e f e r r e d  t o  as t h e  ’Euler  Method’, for d i f f e r e n t i a l  
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equat ions .  To i n c r e a s e  t h e  accuracy  and/or dec rease  t h e  
number of steps necessary ,  a higher order s o l u t i o n  t echnique  
shoul d be empl oyed. 
Other genera l  problems with Eq. 4 . 7  are t h e  cons t an t  
stress assumption a t  each t i m e  s t e p  and t h e  d i f f i c u l t i e s  of 
us ing  i t  wi th  o r t h o t r o p i c  materials. H o w e v e r ,  t h e  t w o  
advantages of not  having t o  s tore  a l l  p a s t  r e s u l t s  and not  
having t o  r e c a l c u l a t e  s t r a i n  a t  previous t i m e  s t e p s  f o r  
eve ry  new t i m e  s t e p  t aken  overshadows t h e  d isadvantages .  
The fo l lowing  s e c t i o n  w i l l  p r e sen t  a method t o  extend t h e  
Prony series method t o  solve o r t h o t r o p i c ,  nonl inear  










5. NONLINEAR DIFFERENTIAL EQUATION METHOD WITH THE 
PRONV SERIES 
The b a s i c  concepts  of Kelvin elements  and Prony series 
presented  i n  s e c t i o n  4 w i l l  be u t i l i z e d  and extended t o  
i n c l u d e  non l inea r  e f f e c t s  , viscoelastic or t h o t r o p i  c 
materials, and u n c o n d i t i o n a l l y  s t a b l e  t i m e  s t e p s .  I t  w a s  
t h e s e  t h r e e  d i f f i c u l t i e s  t h a t  l i m i t e d  t h e  u s e  of t h e  
Zienkiewicz d i f f e r e n t i a l  equa t ion  method f o r  v i s c o e l a s t i c  
anal  pi s . 
The b a s i c  d i f f e r e n t i a l  equat ion  f o r  a s i n g l e  Kelvin 
e l emen t  can be  w r i t t e n  as Csee Eq. 4 . 2  and F ig  4.13 
( I - -  c 5 .  13 D X E " -  
Where D is t h e  compliance of t h e  s p r i n g  C 1 4 3  and A is t h e  
r e t a r d a t i o n  t i m e  Cp/E>. Both t h e  compliance and r e t a r d a t i o n  
t i m e  are cons idered  known and can be ob ta ined  from t h e  Prony 
series used t o  d e s c r i b e  t h e  v i s c o e l a s t i c  response  Csee Eqs. 
4 . 4  and 4.53. A s i n g l e  d i f f e r e n t i a l  equa t ion  of t h e  form 
Eq. 5.1 can  be  used f o r  each t e r m  i n  a given  Prony series. 
Up t o  t h i s  po in t  o n l y  one material p r o p e r t y  has  been 
dealt w i t h  a t  a t i m e .  However, a l l  materials are de f ined ,  
as a minimum, by a t  least t w o  material p r o p e r t i e s  w h i c h  need 
t o  be cons idered  s imul taneous ly .  I s o t r o p i c  materials are 
gener a1 1 y descr  i bed by Youngs ' Modul us and Poi s s o n  ' s r a t i  0, 
w h e r e a s  or t h o t r  opi c mater i a1 s have fou r  i ndependent mater i a1 
in-p lane  p r o p e r t i e s  which are commonly r e f e r r e d  t o  a5 t h e  
f i b e r  d i r e c t i o n  s t i f f n e s s  CEl13, t h e  t r a n s v e r s e  d i r e c t i o n  
s t i f f n e s s  CEzZ3, t h e  shear  modulus CE- or Gi23, and 
Poisson ' s  r a t io  of t h e  f i b e r  d i r e c t i o n  t o  t r a n s v e r s e  
d i r e c t i o n  Cw 3 .  I n  condensed ma t r ix  form, t h e s e  p r o p e r t i e s  







i 2  
where t and a are s t r a i n  and stress, r e s p e c t i v e l y ,  i n  t h e  
f i b e r  d i r e c t i o n ,  E2and a are s t r a i n  and stress i n  t h e  




shear  s t r a i n  and stress, r e s p e c t i v e l y .  The ma t r ix  
w and Ebb is r e f e r r e d  t o  as t h e  
11’ 12’ 
c o n t a i n i n g  E 




where Sa%, Si2, SzZ, and Sa are t h e  fou r  independent  
p r o p e r t i e s  needed t o  c h a r a c t e r i z e  an o r t h o t r o p i c  material. 
These fou r  terms w i l l  be r e f e r r e d  t o  as S where q goes from 
1 t o  4, such t h a t  Sil= Sa, Si2 = s 2 D  s = sg, and Sbb = S4. 
This  numbering convent ion becomes necessary ,  as w i l l  be 
seen  later,  t o  d i f f e r e n t i a t e  t h e s e  o r t h o t r o p i c  compliance 
terms from t h e  r o t a t e d  compliance ma t r ix  t e rms ,  which w i l l  




The v i s c o e l a s t i c  p o r t i o n  of each of t h e  u n r o t a t e d ,  S 
q 
terms can  be  desc r ibed  by a Prony series. The gene ra l  form 
is 
s 9 = f L D q  [ i  - e  1 = 1,2,3. . n  cs. 43 
L = 1  
where D is t h e  compliance c o e f f i c i e n t  v a r i a b l e  f o r  t h e  Lth 
Kelvin u n i t  i n  t h e  qrh d i r e c t i o n  and X1 is t h e  r e t a r d a t i o n  
t i m e .  Both D and XL are unknowns t h a t  need t o  be 
L q  
1 . q  
determined f r o m  experimental  d a t a .  However , t h e  r e t a r d a t i o n  
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th t i m e ,  h can  be f o r c e d  t o  be t h e  same for each L Kelvin 
e l e m e n t  i n  each of t h e  four material d i r e c t i o n s .  This is 
reasonable  s i n c e  ht is predetermined or fixed when f i t t i n g  a 
Prony series t o  experimental  d a t a  with only  D allowed to 
vary. 
L 
L q  
Furthermore,  each layer i n  a composite l amina te  w i l l  
have a set of fou r  S terms d e s c r i b i n g  its compliance 
matrix. If a l l  t h e  l a y e r s  are of t h e  s a m e  type of material 
and not  rotated, i . e .  a l l  Oo d i r e c t i o n ,  t hen  S = S where 
k is t h e  p l y  layer i n  t h e  l amina te  and Eq. 5.3 b e c o m e s  
9 














L = 1  1k L s l  L = 1  kLS2 
n 1 kLSZ E k t S s  0 
L = 1  L = 1  






H o w e v e r ,  i f  p l y  k is r o t a t e d ,  t hen  t h e  compliance matrix 





E I XY q = 1  f L = 1  !kLsqll  q = 1  1 L = 1  !kLsq12 q = 1  f L = 1  8 k L s q 1 6 1 ~ x  
k 
C5.63 
Where each of t h e  kLSqij terms can be c a l c u l a t e d  f r o m  t h e  
t r ans fo rma t ion  matrices C19,201. S i m i l a r l y ,  t h e  compliance 
c o e f f i c i e n t s ,  D , which w i l l  be  used e x c l u s i v e l y  f r o m  t h i s  
po in t  on, can also be w r i t t e n  i n  matrix f o r m  and rotated 
L q  
a 











for f iber  d i r e c t i o n  t e r m ,  q = 1; 
4 
k kL i 
2 2  
k k k L i  
m D  
m n  D 
D =  
D =  
D = 2 nk m: k L ~ i  
kL ii6 
D =  n D  
kL i22 k kL i 
D = 2 m n  D 
kL i26 k k k L i  





2 2  
k kL i kL 166 
for fiber/transverse coupl ing t e r m ,  q = 2; 
2 2  D = 2 m k n  D 
kL 211 k kL 2 
D = C m  + nk> D 
kL 212 k kL 2 
D = 2 m  n C n k - m >  D 
kL 2 i6  k k  k kL 2 
kL 222 
2 




D = 2 n: m t  k L ~ 2  
2 D = -8 mk n: kLDz 
for transverse direct ion t e r m ,  q = 3; 
n4 D 
k kL 3 
2 2  
k k k L 3  
D =  
D =  
D 
D =  
D = - 2 n  m D 
kL 3il 
m n  D 
kL 3i2 
= -2 mk n: k L ~ s  kL 316 
4 
k kL 9 
m D  
kL 322 
3 




D = 4 m: n: k L ~ s  kL 366 
for shear  t e r m ,  q = 4;  
2 2  D =  m n  D 
kL 411 k k k L 4  
4 D = Cn4 - . m  > D 








2 D =  m n c n 2 - m >  k kL D 4 
kL 416 k k  k 
D =  n m  D 
kL 422 k k k L r  
2 2  
2 
nk’ k L 4  
D = 2 m  n c m 2 -  
kL 426 k k  k 




C S .  ?a-x3 
where m = c0sC4~3,  n = s i n c e k > ,  D is t h e  un ro ta t ed  and 
r o t a t i o n > .  Although i t  seems unnecessary and o v e r l y  complex 
t o  s p l i t  D . .  i n t o  fou r  p a r t s ,  one for each  material 
p r o p e r t y  d i r e c t i o n ,  t h i s  allows d i f f e r e n t  stress nonl inear  
effects t o  be modeled i n  each of t h e  fou r  d i r e c t i o n ,  which 
w i  11 be devel  oped 1 ater . 
k k kL 9 
D . .  t h e  r o t a t e d  compliance terms C %  is t h e  a n g l e  of 
kL 9L.J 
kL 9 L . J  
U n l i k e  t h e  compliance terms, D , t h e  r e l a x a t i o n  
kL q 
times, 
four  d i r e c t i o n s  which e l i m i n a t e s  t h e  need t o  rotate  them. 
A l l  l a y e r s  or p l i e s  are also a s s u m e d  t o  be made of t h e  s a m e  
material which alleviates t h e  need t o  kept  t r a c k  of t h e  p l y  
number when d e a l i n g  with h There are, however, s o m e  
L *  
l i m i t a t i o n s  on hL. 
element for eve ry  1- decades of t i m e  t h a t  is be ing  examined 
s i n c e  t h e  effect  of t h e  Kelvin element is o n l y  fe l t  over 
t h a t  t i m e  per iod .  The common p r a c t i c e  is one Kelvin 
element,  t h u s  one r e l a x a t i o n  t i m e ,  A , ,  for eve ry  decade of 
t i m e .  For o r t h o t r o p i c  materials i t  is f u r t h e r  convenient  t o  
set A t h e  same i n  a l l  material p r o p e r t y  d i r e c t i o n s .  A 
typical Prony series might have hl= 1, h = 10, hg= 100, 
etc . ,  for each p l y  and d i r e c t i o n .  
A L ,  are cons t r a ined  t o  be t h e  s a m e  i n  each  of t h e  





If a l l  t h e  stresses i n  each layer and d i r e c t i o n  w e r e  
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cons tan t ,  t h e n  t h e  t i m e  dependent s t r a i n  could  be e a s i l y  
calculated at this point by substituting the Prony series 
CEq. 5.43 for each d i r e c t i o n  i n t o  t h e  c o n s t i t u t i v e  equa t ions  
r e l a t i n g  stress and s t r a i n  CEq. 5 .63 and solve for t h e  
d e s i r e d  t i m e .  However t h e  stresses i n  each  p l y  can i n  fact  
change wi th  t i m e  which means stress is a f u n c t i o n  of t h e  
c u r r e n t  s t r a i n  ra te  as w e l l  as t h e  c u r r e n t  s t r a i n .  Even 
though t h e  r e s t r i c t i o n  of c o n s t a n t  stress w a s  used t o  get 
t h e  o r i g i n a l  Prony series i n  c h a r a c t e r i z i n g  t h e  material, 
t h a t  r e s t r i c t i o n  is not  necessa ry  t r u e  i n  t h e  a c t u a l  
numerical s o l u t i o n  process .  The matrix Eqs. 5.3, 5.5, and 
5.6 are still needed t o  show how t h e  compliance terms can be 
manipulated and r o t a t e d  t o  o b t a i n  t h e  D . .  terms but  t h e y  
are not  used t o  o b t a i n  t h e  s t r a i n .  I n s t e a d  t h e  s t r a i n  and 
stress equilibrium equation can be employed to calculate the 
s t r a i n .  H o w e v e r  a expres s ion  for t h e  s t r a i n  without  t h e  
s t r a i n  rate must f i r s t  be developed. 
kL qr1 
The o r i g i n a l  d i f f e r e n t i a l  equa t ion ,  Eq. 5.1, can be 
r e w r i t t e n  as 
kLEi j 
E "  0 . .  - -  kL i j  kL L J  
q =  1 
C 5 .  83 
where E .  . and k L ~ i j  are t h e  s t r a i n  ra te  and s t r a i n ,  
r e s p e c t i v e l y ,  and CY is t h e  stress i n  each  Kelvin 
element,  L ,  p l y ,  k ,  compliance d i r e c t i o n ,  q ,  and rotated 
p o s i t i o n ,  C i  , J 3 .  This  equa t ion  can be approximated by 
kL r j  
kL i j  
t+i - t 4 t+l 
c5.93 kL E i j  kLEij = 1 FL:ijl Ot+i - kLEi j A t  kL i j  
where A t  is t h e  t i m e  s t e p  s i z e ,  t+l is t h e  new t i m e  and t is 
t h e  o l d  t i m e .  This  p a r t i c u l a r  approximation is called a 
Backward Euler  Method CBEm and is classified as a f i r s t  
order  i m p l i c i t  method. By us ing  an  i m p l i c i t  method, t h e  
sol u t i  on, t+ i  w i  11 be uncondi ti o n a l l  y stab1 e r egar d l  ess 





of t h e  t i m e  s t e p  size.  This  is not  t o  s a y  t h a t  i t  w i l l  
converge to the correct answer but, i t  w i l l  no t  d ive rge  or 
blow up. This  ' u n c o n d i t i o n a l l y  s t a b l e '  c h a r a c t e r i s t i c  o n l y  
holds  t r u e  for t h e  f i r s t  and second order  i m p l i c i t  numerical 
approximations C63. Higher order  i m p l i c i t  methods and a l l  
e x p l i c i t  methods are o n l y  c o n d i t i o n a l l y  s t a b l e ,  i .  e. has  a 
maximum t i m e  s t e p  b e f o r e  i t  might d iverge .  
The BEM, a f i r s t  o rder  i m p l i c i t  method, w i l l  be  
examined i n  de ta i l  i n  t h e  remainder of t h i s  s e c t i o n .  The 
second order i m p l i c i t  method, cal l  t h e  B a c k w a r d  Trapezoidal 
Method CBTtO is developed i n  appendix A. Equation 5.9 can 




0.. + k L E i  kL L J  
t+ i  t+i where A t  = h. The unknowns are c.. and k L ~ i j  whi le  h ,  
p rev ious  t i m e  s t e p .  The total  c reep  s t r a i n ,  kti, for a 
p a r t i c u l a r  d i r ec t ion ,  i .  and layer. k. is s i m p l y  t h e  sum of 
a l l  t h e  c r e e p  s t r a i n  i n  t h a t  d i r e c t i o n  
kL L J  
t and D , .  are g iven  and E , .  is known from t h e  
kL L J  
C 
kL 9 L J  
c5.113 
I t  should  be noted t h a t  Eq. 5.10 is o n l y  for l i n e a r  
viscoelastic material. I n  order t o  i n c l u d e  nonl inear  stress 
effects,  D . .  needs t o  be modified t o  become a f u n c t i o n  of 
stress. This  is easi ly  done by mul t ip ly ing  D by a 
d i  mensi on1 ess stress f u n c t i o n  which would account  for any 
nonl inear  stress effects such  as 
kL q L J  




where fCa3 is a stress dependent function. This type of 
formulation allows the nonlinear compliance at any stress 
level to be scaled up or down from the linear compliance. 
As an example, consider the linear compliance D represented 
by a single Kelvin element 
C5.133 
If the nonlinear stress function is assumed to be f C o >  = 
Cl+aa 3 then the nonlinear compliance would be 2 
D**= D [l -e-t’’) *C 1 +aoz1 C5.143 
where a is a constant and a is the current stress. If the 
1 i near and nonl i near compl i ance curves are graphed , the 
scaling factor, Cl+aaZ3, is quickly identified Csee Fig. 
5.13. This formulation only works if the nonlinear stress 
can be described by a vertical shifting of the compliance 
curves . 
Vertical shifting of the basic compliance curve to 
account for nonlinear stress effects is a common method of 
modeling nonlinear viscoelastic response[21,221. Most 
nonlinear viscoelastic models such as the Schapery, Findley, 
and other power law based models employe this concept by 
using nonlinear stress functions. Figure 5.2 shows a simple 
nonlinear power law with a nonlinear stress function, fCa>, 
and how it is scalable. Since this vertical shifting 
concept works well for power law based models it should also 
work for a Prony series since, for many cases, the Prony 
series will just be a fitted equation to a Power law model. 
The Prony series can be scaled by just scaling the 






d i r e c t i o n  by t h e  s a m e  amount t h a t  t h e  power l a w  would be 
scaled. Thus a l l  Kelvin elements ,  1, w i l l  be have t h e  s a m e  
nonl inear  scale factor,  fqCka3.  
are d i f f e r e n t  i n  each p l y ,  k, t h e r e  w i l l  b e  a d i f f e r e n t  
scale factor for each p ly .  
H o w e v e r ,  s i n c e  t h e  stresses 
used i n  t h e  
ku ' The nonl inear  stress parameter ,  
nonl inear  stress f u n c t i o n  can be  any f u n c t i o n  of t h e  matrix 
or f i b e r  stress states. A common parameter for t h e  
t r a n s v e r s e  and shear  nonl inear  compliance is t h e  oc tahedra l  
shear  stress i n  t h e  matrix which is a f u n c t i o n  of matrix 
t r a n s v e r s e  stress, C Y ,  and matrix shear  stress, u . A m 2  m 12 
m o r e  d e t a i l e d  exp lana t ion  of oc tahedra l  shea r  stress 
parameter can  be  found i n  t h e  r e p o r t  by D i l l a r d ,  et a1 C11. 
I t  is s u f f i c i e n t  t o  say a t  t h i s  po in t  t h a t  Q w i l l  be  a 
f u n c t i o n  of t h e  p l y ' s  stress s ta te ,  k ~ 2 ,  and k ~ s  
C =  o > ,  regardless of t h e  complexity.  
k 
k 12 
To i n t r o d u c e  t h e  nonl inear  compliance f u n c t i o n  i n t o  t h e  
genera l  fo rmula t ion ,  s u b s t i t u t e  equat ion  5.12 i n t o  equa t ion  
5.10 t o  give 
4 
E t+a = E[ D . . f C ut+*3] ut+i 
q = l  
kL i j  ChL+h3 k L  q L j  q k kL i j  
cs. 15> 
Where fCo3 is eva lua ted  a t  t+l. 
f u n c t i o n  of t h e  f u t u r e  p l y  stress state, , ku2 , and 
CT , a l l  of which are unknown. Thus Eq. 5.15 can  be  a 
k 3  
complex nonl inear  f u n c t i o n  of ut+' which n e c e s s i t a t e s  t h e  
need for a numerical  s o l u t i o n  method. 
r e w r i t t e n  as 
N o t e  t h a t  fCet+'3 is a 
t +  1 t +  1 
t +  1 
J 
Equat ion 5.15 can be 
4 
c , . f c 2+5] + E t .  C5.163 k L  L J  k L  Q L J  9 k k j  
q = l  
a 
Page 29 
D . .  h where " = ChL+h3 k L  q L J  kL 9 L J  
t 
c. . A, kL L J  
C hL+h3 Et. = kL L J  
t+ l  - t+ l  - 
kaj . kLaij 
The s u b s c r i p t  L has been dropped from CY because t h e  
is t h e  s a m e  for a l l  Kelvin elements  i n  a p a r t i c u l a r  
stress 
material 
d i r e c t i o n  s i n c e  t h e y  are  a l l  i n  series. The s u b s c r i p t  i w a s  
also dropped s i n c e  stress is a vector and not  a t enso r  
q u a n t i t y .  S i m i l a r l y ,  t h e  s u b s c r i p t  j w a s  dropped f r o m  t h e  
s t r a i n .  The dropping of s u b s c r i p t s  i and j for t h e  stress 
and s t r a i n  q u a n t i t i e s ,  r e s p e c t i v e l y ,  can be understood by 
r e v i e w i n g  t h e  matrix equa t ions  Eq. 5 .2  and 5.3. 
S u b s t i t u t i n g  equa t ion  5.15 i n t o  5.11 w i l l  give t h e  
total  c r e e p  s t r a i n  f o r  p l y ,  k ,  and d i r e c t i o n ,  i ,  
For t h e  total  s t r a i n ,  t h e  e las t ic  s t r a i n  also needs t o  be 
added t o  equa t ion  5.14. The elastic s t r a i n  can  be m o d e l e d  
as a non l inea r  s p r i n g  i n  series with t h e  Prony series for 
each d i r e c t i o n .  
0 t+i - =f [ D g c at+I C 5 . 1 8 3  
kLEi k o t i  ko q i j  q k k j  
q = 1  
where D . .  is t h e  l i n e a r  compliance of t h e  s p r i n g  CL=O3,  
gqc kat+' 3 is t h e  nonl inear  f u n c t i o n  of stress for each 
is t h e  elastic d i r e c t i o n  Csimilar t o  f C a > > ,  and 
nonl inear  s t r a i n .  Adding equa t ion  5.17 and 5.18 g i v e s  
k o  q L 1  









'+ '  3 ]k o'+' j + kL E t  L J  . } 
k E i  
j = i  L = i  q =  i 
3 n  
t + i  3 cyt+'] + 1 1 j ]  C S .  193 
k J  
j = i  q = i  j = i  L = i  
T t+ i  - T t+l 
k i  where E - E .  s i n c e  i t  is assumed t h a t  layers deform 
e q u a l l y  without  debonding or damage. There are a total  of 
3 k + 3  unknowns, E and koj , but  t h e r e  are o n l y  3 k  
equa t ions  from Eq. 5.19. The a d d i t i o n a l  3 equa t ions  c o m e  
from imposing stress e q u i l i b r i u m  i n  each of t h e  3 stress 
d i  recti ons 
T t+l  t+i 
i 
m 
0 N j  = 1 N j  cs. eo> k = f  
0 where N .  is t h e  i n p u t  l o a d  on t h e  laminate  and N .  is t h e  
1 J 
a c t u a l  l o a d  i n  each l a y e r ,  k ,  when loaded. Equation 5.20 
can be r e w r i t t e n  i n  terms of stress t o  g i v e  
c5.213 
0 where o. is t h e  i n p u t  stress and t is t h e  t h i c k n e s s  of 
each p ly .  This equa t ion  g i v e s  t h e  3 a d d i t i o n a l  equa t ions  




t i m e .  The equa t ions  are nonl inear  i n  terms of stress and 
are ill condi t ioned .  They can be solved by an i terat ion 
technique  called t h e  Newton-Raphson Method. Simpler d i r e c t  
methods such as Gauss-Side1  c a n ’ t  be used s i n c e  t h e  
coef f i ci e n t  matr i x i s not  guar an teed  t o  be d i  agonal 1 y 
p o s i t i v e .  The Newton-Raphson t a k e s  longer  t o  solve t h e  
nonl inear  set of equa t ions  for each i t e r a t i o n ,  s i n c e  t h e  
Jacobian matrix must be c a l c u l a t e d ,  but  i t  converges much 
m o r e  r a p i d l y  t h a n  t h e  o t h e r  d i r e c t  i t e r a t i o n  methods. 
I n  summary t h e n ,  t h e  t h r e e  major problems with t h e  
c u r r e n t  composite nonl inear  viscoelastic a n a l y s i s  programs, 
nonl inear  effects, s t a b i l i t y ,  and o r t h o t r o p i c  material, have 
been solved by u s i  ng a d i  f f er e n t i  a1 equa t ion  for mu1 a t i  on 
based on a series of nonl inear  Kelvin elements .  
Implementation and r e s u l t s  of t h i s  s o l u t i o n s  t echn ique  are 






6. VERIFICATION OF THE NONLINEAR BFFERENTIAL 
EQUATION METHOD 
The method of s o l u t i o n  presented  i n  s e c t i o n  5, t h e  
nonl inear  d i f f e r e n t i a l  equa t ion  method CNDEM3, t o  c a l c u l a t e  
t h e  nonl inear  viscoelastic for o r t h o t r o p i c  composite 
materials needs t o  be v e r i f i e d  by comparing i t  t o  exact 
s o l u t i o n  and o t h e r  s o l u t i o n  techniques .  The s e c t i o n  w i l l  
p r e sen t  t w o  s imple  examples, one based on t h e  Kelvin element 
and t h e  o t h e r  on t h e  power l a w ,  of a mul t i l aye red  
viscoelastic material for both  l i n e a r  and nonl inear  cases. 
The s o l u t i o n  w i l l  be  compared t o  t h e  exact s o l u t i o n ,  i f  
o b t a i n a b l e ,  and o the r  numerical s o l u t i o n s .  
The f i r s t  example is a modified v e r s i o n  of t h e  example 
presented  i n  s e c t i o n  3, t h a t  r e p r e s e n t s  a s imple  
one-di mensi onal t w o  p a r t  mater i a1 ; one p a r t  i s vi scoel a s t i  c 
and t h e  o t h e r  elastic.  The e las t ic  material is modeled by a 
s i n g l e  s p r i n g  and t h e  viscoelastic material by a s p r i n g  and 
a Kelvin element i n  series, as shown i n  Fig.  4 .1 .  Since  
t h i s  example is r e l a t i v e l y  s imply and one dimensional ,  i t  is 
p o s s i b l e  t o  f i n d  a closed f o r m  s o l u t i o n  f o r  t h e  l i n e a r  case. 
For t h e  nonl inear  case, however, a Runge-Kutta method w a s  
employed to solve the r e s u l t i n g  nonl inear  f i r s t  order 
d i f f e r  e n t i  a1 equat ion .  
The l i n e a r  caser assuming t h e  a p p l i e d  stressr uo, is 
c o n s t a n t  has  a closed f o r m  s o l u t i o n  of 
2 
1 i 
- K i t  K 
1 - 5 } uoe + O O K  EI+E2 K 
E1E2+ E2E3+ EiE3 
pCE1+ E2> Where K =  1 
C8.13 
3 
E Z +  E 
K ~ =  pCEA+ E2> 
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The numerical results of t h e  NDEM technique, both by t h e  
B a c k w a r d  Euler  Method CBEm and Backward Trapezoidal Method 
C B m .  are shown i n  Fig.  6 .2  a long  with t h e  exact s o l u t i o n  
and t h e  VISLAP program technique  s o l u t i o n .  The s p r i n g  and 
dashpot c o n s t a n t s  w e r e  assumed t o  be Ea= E2= 1, E3= 0.11, 
p = 1, and o is c o n s t a n t ,  equal t o  1,  for a l l  s o l u t i o n  
methods. The second order  BTM s o l u t i o n  matches t h e  exact 
r e s u l t s  c l o s e l y  whereas t h e  f i r s t  order  V I S L A P  and BEM 
s o l u t i o n s  are high and l o w ,  r e s p e c t i v e l y .  This  d e v i a t i o n  
can be accounted for by being on ly  a f i r s t  o rder  s o l u t i o n  
technique.  I t  is i n t e r e s t i n g  t o  p o i n t  o u t  t h a t  t h e  VISLAP 
s o l u t i o n  begins  t o  osci l la te  and become u n s t a b l e ,  as would 
be expected s i n c e  i t  is an e x p l i c i t  s o l u t i o n  method whereas 
t h e  NDEM, for both  BEM and BTM, is an implicit m e t h o d .  Also 
n o t i c e  t h a t  t h e  s t e p  s i z e  is l a r g e ,  S s t e p s  per decade, 
which would be cons idered  t h e  maximum s t e p  s i z e  bu t  y e t  t h e  
second o rde r  NDEM is very a c c u r a t e .  
0 
The same basic m o d e l  can  be used for a nonl inear  
viscoelastic material by s imply  changing E and p t o  i n c l u d e  
nonl inear  stress effects. For t h e  c u r r e n t  nonl inear  example 










C 6 . 3 >  
where a is t h e  stress i n  material 2 CFig. 6 .13 .  This  type 
of n o n l i n e a r i t y  w i l l  c ause  t h e  material t o  become stiffer as 
t i m e  p rog res ses  s i n c e  t h e  stress, a is dec reas ing  i n  t h e  
nonl inear  dashpot .  As t h e  stress dec reases  i n  t h e  Kelvin 
element,  t h e  s p r i n g  becomes stiffer and can  u l t i m a t e l y  carry 
m o r e  of t h e  total  load .  L i k e w i s e ,  t h e  non l inea r  dashpot 






be r e t a rded .  The o the r  parameters  are  similar t o  t h e  l i n e a r  
case, EA= E*= 1 and o = 1. The r e s u l t s  of both  t h e  NDEM and 
VISLAP t echniques  are shown i n  Fig.  6.3 for t h e  nonl inear  
Kelvin element.  To o b t a i n  t h e  exact s o l u t i o n  one must solve 
a nonl inear  equa t ion  of t h e  f o r m  
0 
2 + K E  + K E '  
i Z 





+ K g = O  C 6 . 4 3  
This  equa t ion  is d i f f i c u l t  t o  solve for a c l o s e d  f o r m  
s o l u t i o n  but  good r e s u l t s  can be obta ined  by us ing  a 
Runge-Kutta numerical method with small t i m e  s t e p s .  The 
r e s u l t s  f r o m  a Runge-Kutta s o l u t i o n  is p l o t t e d  on Fig.  6.3. 
For a s imple  nonl inear  example m o d e l ,  l i k e  t h e  one being 
examined, i t  is p o s s i b l e  t o  u s e  a Runge-Kutta s o l u t i o n  as a 
check which is a w e l l  proven and r e l i a b l e  numerical method. 
For t h e  more genera l  o r t h o t r o p i c  problems such  a method is 
not  p o s s i b l e  as d i scussed  i n  t h e  proceeding s e c t i o n s .  
Similar t o  t h e  l i n e a r  case, t h e  f i r s t  order s o l u t i o n  
methods, VISLAP and NDEM us ing  BEM, are  no t  as accurate as 
t h e  second o rde r  NDEM us ing  BTM. Also t h e  e x p l i c i t  method, 
VISLAP, becomes u n s t a b l e  a t  long  t i m e  s t e p s .  
The second example case is again a t w o  p a r t  
one-dimensional material wi th  one p a r t  viscoelastic and t h e  
o the r  e las t ic .  This  viscoelastic material is modeled as a 
power l a w  and a s p r i n g  i n  series, and t h e  e las t ic  material 
as a s p r i n g .  F igu re  6 . 4  shows t h e  mechanical model 
d e s c r i b i n g  t h i s  test case. 
The Power l a w  parameters  used are m = 0.1 and n = 0.25 
for t h e  l i n e a r  case and 
Q 
0 
C6. 53 0 
2 
m = 0.1 - + 0.1 
and n = 0.25 for t h e  nonl inear  case. For both  t h e  l i n e a r  
and nonl inear  case E = Ez= 1.0. The r e s u l t s  comparing j u s t  
i 
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t h e  VISLAP and NDEM CBEM and BTM> methods are shown i n  F igs .  
6.8 and 6.6. B o t h  t h e  l i n e a r  and nonl inear  cases s h o w  t h e  
r e s u l t s  for a l l  methods very close, with t h e  BTM between t h e  
o the r  t w o  methods. This  is similar t o  t h e  r e s u l t s  of t h e  
1 i near  and nonl inear  K e l  vi n cases d i  scussed  ear 1 i er . There 
is no exact s o l u t i o n  a v a i l a b l e  t o  compare r e s u l t s  and t h e  
r e s u l t i n g  equa t ion  c a n ’ t  b e  so lved  by t h e  Runge-Kutta i n  a 
convenient  manner. H o w e v e r  t h e  r e s u l t s  of both t h e  VISLAP 
and NDEM techniques  are si mi 1 ar , gi  vi nng s o m e  r ea s su rance  
t h a t  t h e  answer is correct. 
I n  summary, t h e  nonl inear  d i f f e r e n t i a l  equa t ion  method 
C NDEW i n sol vi ng nonl inear  vi scoel as t i  c pr ob1 ems t h a t  
i nvo lve  m u l t i p l e  material layers has  been shown t o  be  a n  
a c c u r a t e  method and does converge t o  t h e  correct answer. 
The t w o  test cases ewmined, Kelvin and Power l a w  m o d e l s .  
showed t h e  NDEM r e s u l t s  match t h e  exact s o l u t i o n  and/or 
o the r  numerical  methods. The second o rde r  BTM t echnique  
proved t o  be t h e  m o s t  accurate and w a s  stable for a l l  t i m e  












7. SUPWARY AND CONCLUSIONS 
This  r e p o r t  has  looked a t  va r ious  methods t o  solve 
nonl i near vi scoel as t i  c pr ob1 ems t h a t  dea l  w i  t h  or t h o t r o p i  c 
materials such  as f i b e r  r e i n f o r c e d  composites.  Earlier 
methods, such  as t h e  VISLAP computer program a lgor i thm,  w a s  
examined and s o m e  of t h e  d e f i c i e n c i e s  d iscussed .  The main 
t h r e e  problems of t h e s e  methods w e r e  13, s t a b i l i t y  of t h e  
s o l u t i o n  technique ,  2>, t i m e  s t e p  s i z e  s t a b i l i t y ,  and 33 ,  
s o l u t i o n  t i m e  l e n g t h  and computer m e m o r y  storage. Two o t h e r  
methods w e r e  examined i n  d e t a i l ,  Volterra I n t e g r a l  and t h e  
Zienkiewicz method, p l u s  a new method, t h e  Nonlinear 
D i  f f e r e n t i  a1 Equat i  on Method C NDEK) w a s  devel  oped t o  t r y  t o  
over c o m e  s o m e  of t h e  d e f i c i e n c i e s .  
The V o l t e r r a  I n t e g r a l  a l l o w e d  t h e  implementation or 
higher  o rde r  s o l u t i o n  techniques  but  i t  had d i f f i c u l t i e s  on 
sol vi ng s i n g u l a r  and w e a k 1  y si ngul ar compl i ance  f unc t i  ons. 
The power 1 a w  compliance f u n c t i o n ,  which is w e a k 1  y s i n g u l a r  , 
w a s  solvable o n l y  with very small t i m e  s t e p s .  Th i s  method 
also needs a n  every i n c r e a s i n g  amount of computer t i m e  as 
t h e  s o l u t i o n  process  goes f u r t h e r  ou t  i n  t i m e ,  similar t o  
t h e  VISLAP method. This w a s  due t o  t h e  h e r e d i t a r y  type 
i n t e g r a l  s o l u t i o n  process w h i c h  must recalculate t h e  total  
i n t e g r a l  for each a d d i t i o n  t i m e  s t e p .  Th i s  method w a s  found 
t o  be unacceptable  for r easons  of computer t i m e  needed and 
accuracy.  
The second method examined w a s  t h e  Zeinkeiwicz s o l u t i o n  
technique  which r e q u i r e s  t h e  viscoelastic response  t o  be 
modeled by a Prony series. This method w o r k s  w e l l  for 
l i n e a r  viscoelastic i s o t r o p i c  materials and small t i m e  
s teps.  The b igges t  advantage of t h i s  t echn ique  is t h a t  t h e  
s o l u t i o n  a lgo r i thm can  b e  w r i t t e n  i n  a r e c u r s i v e  f a s h i o n  
which does n o t  r e q u i r e  t h e  r e c a l c u l a t i o n  of t h e  past r e s u l t s  
l i k e  t h e  VISLAP and Volterra I n t e g r a l  methods. This  a l l o w s  
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t h e  s o l u t i o n  a t  long  t i m e s  t o  be done e f f i c i e n t l y  and 
q u i c k l y .  The biggest p r o b l o m  w i t h  t h i s  m e t h o d  is t h e  l i m i t  
on t i m e  s t e p  s i z e  s i n c e  t h e  method uses  an explicit s o l u t i o n  
technique.  Thus t h e  s o l u t i o n  can become u n s t a b l e  and 
d ive rge  from t h e  correct answer. 
To overcome t h e  above d e f i c i e n c i e s  a new method, NDEM, 
w a s  developed. This  method r e q u i r e s  t h e  v i s c o e l a s t i c  
response  be desc r ibed  by a modified Prony series which 
allows non l inea r  stress e f f e c t s  t o  be inc luded .  The 
d i f f e r e n t i a l  equa t ions  t h a t  model each of t h e  Kelvin 
elements  i n  t h e  Prony series, are t h e n  so lved  
s imul taneous ly .  By  u s ing  t h e  b a s i c  d i f f e r e n t i a l  equa t ions ,  
an i m p l i c i t  s o l u t i o n  method can be used. This  causes  t h e  
s o l u t i o n  p rocess  t o  be uncond i t iona l ly  s t a b l e  f o r  any t i m e  
s t e p .  The general m e t h o d  of s o l v i n g  t h e  non l inea r  
s imultaneous equa t ion  used w a s  t h e  Newton-Raphson method 
which a s s u r e s  convergence even i f  t h e  c o e f f i c i e n t  matrix of 
t h e  equa t ions  is not  p o s i t i v e  d e f i n i t e .  I n  a d d i t i o n  t o  
overcoming t h e  numerical problems t h i s  method w a s  extended 
t o  i n c l u d e  o r t h o t r o p i c  non l inea r  v i s c o e l a s t i c  materials. 
The NDEM t echnique  w a s  shown t o  be a c c u r a t e  and s t a b l e  
on t w o  test c a s e s ,  Kelvin and Power l a w  based,  f o r  both 
l i n e a r  and non l inea r  c o n d i t i o n s .  The advantages of NDEM is 
t h a t  it is s t a b l e  for a l l  t i m e  s t e p  s izes ,  t h e  s o l u t i o n  
a lgo r i thm is s t a b l e  and converges t o  t h e  correct s o l u t i o n ,  










APPEWX A - BACKWARD TRAPEZOIDAL METHOD 
I n  Chapter 5 t h e  Backward Euler Method w a s  used i n  
sol v i  ng t h e  nonl i near vi scoel asti c pr ob1 e m  of or t h o t r  opi c 
composite lamina tes  and a d e t a i l  d e r i v a t i o n  w a s  g iven.  The 
Back  ward Tr apeeoi  da l  Method C B M  w i  11 be br i ef 1 y devel oped 
i n  t h i s  appendix. 
R e c a l l  t h e  basic d i f f e r e n t i a l  equa t ion ,  Eq. 5.8, of a 
s i n g l e  K e l  vi n e1 ement 
q = i  L 
kLEi j 
0 . .  - -  
A, kL L J  
CA. 13 
where k L ~ i j  and k L ~ i j  are t h e  s t r a i n  ra te  and s t r a i n ,  
r e s p e c t i v e l y ,  u., is t h e  stress i n  each Kelvin element,  L ,  
p l y ,  k ,  compliance d i r e c t i o n ,  q ,  and r o t a t e d  p o s i t i o n ,  
C i , j > .  Using t h e  BTM t h e  numerical approximation becomes 
kL LJ 
t+: - t+i 
kLEi j 
A t  
q = i  
C A. 2 3  
q= 1 
where A t  is t h e  t i m e  s t e p  s ize ,  t+l is t h e  new t i m e  and t is 
t h e  old t i m e .  This  can be r e w r i t t e n  as 
t 1 D . .  0 t+i + kL q L j  kL i j  
q = :  
kL E .  L J  . - 2XL+h 1 D . .  Q kL q r j  kL i j  2 A L  +h t+: - q= 1 
t 
2 A L  -h 
2hL+h k L E i  j 
+ C A. 3 3  
where h = A t .  When t h e  nonl inear  stress f u n c t i o n  are 
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inc luded  CEq ES.lO> Eq A. 3 b e c o m e s  
> +  
t + i  - t+i  t + i  
k l .  6 .  r j  . - 2hC+h q= 2 i k L D q i  j kL'ij f q c k q  




8 h + h  kL E i j  t E . .  = where kl. LJ 
q= i 
D . .  C2ht+h> k l .  q r j  
h c .  = 
kC q r j  
t+i - t+ i  - 
kQj kLqi j 
Summing a l l  t h e  c r e e p  s t r a i n s  toge the r  for each  element i n  
t h e  series of Kelvin e l emen t  w i l l  give,  similar t o  BEM, 
CA. 0 2  
From t h i s  p o i n t  t h e  d e r i v a t i o n  is t h e  s a m e  as t h e  BEM. A s  
with t h e  BEM, t h e  BTM is u n c o n d i t i o n a l l y  s t a b l e  for a l l  t i m e  
s t e p s .  I t  is a second order method which will be more 
a c c u r a t e  t h a n  t h e  BEM. 
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